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Multiple time-scale approach for a system of Brownian particles
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The Smoluchowski equation for a system of Brownian particles in a temperature gradient is derived from the
Kramers equation by means of a multiple time-scale method. The interparticle interactions are assumed to be
represented by a mean-field description. We present numerical results that compare well with the theoretical
prediction together with an extensive discussion on the prescription of the Langevin equation in overdamped

systems.
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I. INTRODUCTION

The erratic motion of tiny particles suspended in a fluid of
lighter particles is a known phenomenon, going under the
name of Brownian motion, of fundamental interest in statis-
tical mechanics [1-3]. A classical method to study this physi-
cal process is the Langevin equation, where the influence of
the solvent particles on the heavier particles is modeled by
two force terms. One term represents a viscous force, with
friction coefficient 7, the other a stochastic force, whose in-
tensity depends on the temperature of the solvent. Alterna-
tively, the description of the dynamics of a system of Brown-
ian particles in an external field may rest upon the Fokker-
Planck equation (FPE) for the probability density of the
particles. The two levels of description, namely, (a) the
Kramers-Klein equation [4], which considers the evolution
of the probability density of position and velocity, and (b) the
Smoluchowski equation [5], for the probability distribution of
position only, have deserved a great deal of attention. The
passage from the first description to the second one is well-
understood for the case of ideal noninteracting particles im-
mersed in a heat bath at constant temperature. In fact, as
shown by Wilemski and Titulaer [6], the derivation of the
Smoluchowski equation from the Kramers-Klein equation
can be performed by means of a perturbation expansion in
terms of the inverse of the friction coefficient, y. On the
other side, one can derive the Smoluchowski equation more
directly after taking the overdamped limit y— in the
Langevin equation and neglecting the inertial acceleration
term. Physically speaking, this procedure corresponds to the
fact that the velocities of the particles thermalize rapidly, so
that only the probability distribution of positions of the par-
ticles matters.

Thermal gradients, besides causing a heat flow, can in-
duce a mass flow in systems such as colloids. The phenom-
enon is termed thermodiffusion, thermophoresis, or Ludwig-
Soret effect [7-13] and is relevant because it represents a
tool to manipulate and concentrate molecules in solution.
Thermophoresis, in fact, typically enhances the concentra-
tion in colder regions. Recently, it has been employed to
form two-dimensional colloidal crystals using 2 wm polysty-
rene beads. Such a method leads to applications in microfil-
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tration, particle accumulation, and molecular detection on
surfaces [14]. Nevertheless, in spite of its technological in-
terest, not many studies provide a derivation of the govern-
ing equation for the concentration field in the presence of a
temperature gradient externally imposed (see, however,
[15-17]). A problem arises when one considers the y— oo
limit: the resulting stochastic equation contains a multiplica-
tive noise term because the temperature is space-dependent.
This in turn means that the associated FPE depends on the
particular prescription used to derive it, i.e., one encounters
the so-called Ito-Stratonovich dilemma. To solve it, Matsuo
and Sasa [18] recently obtained the Smoluchowski equation
from a perturbation expansion in powers of the inverse of 7.
Two important messages arise from their work: first, the un-
derdamped dynamics is free from the Ito-Stratonovich di-
lemma, and second, their perturbation scheme is unbounded
in time and one needs a renormalization treatment to make it
convergent.

The main objective of this work is to present a systematic
and convergent derivation of the Smoluchowski equation for
a system of Brownian particles in a temperature gradient.
The interparticle interaction is of mean-field type, so that our
starting point, the Kramers equation, can be written down in
closed form for the one-particle distribution function. We
employ a multiple time-scale method which has been de-
signed to deal with nonuniformities in systems with more
than a single time scale. The approach is quite appropriate
for our objectives since in the large friction limit there is a
very clear time-scale separation in the system: in a very short
period the velocities of the particles relax to their thermal
equilibrium value, whereas on a much longer time scale also
the positions of the particles assume configurations compat-
ible with their steady state distribution. In this regard, the
multiple time-scale method has been used to perform the
passage from the Kramers to the Smoluchowski equation for
an ideal gas at constant temperature as an expansion in pow-
ers of the small parameter y~!, providing a uniformly valid
result [19,20]. More recently, the case of interacting hard-
core particles in isothermal systems has also been studied
within this framework [21]. Another important part of this
work is the discussion about the Ito versus Stratonovich de-
scription of the system. This is based on numerical results of
the Langevin dynamics.
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The plan of this paper is the following: in Sec. II we
present the full Langevin equation, its overdamped limit, and
the corresponding Kramers and Smoluchowski descriptions
of the system. In Sec. III the derivation of the Smoluchowski
equation with the multiple time-scale method is presented. In
Sec. IV we present the numerical results, with some discus-
sion on the different Ito-Stratonovich prescriptions, and in
Sec. V we give our conclusions.

II. MICROSCOPIC MODEL: KRAMERS AND
SMOLUCHOWSKI EQUATIONS

Let us consider a system of N interacting Brownian par-
ticles of mass m in an external force field. For the sake of
simplicity, let us assume only one spatial dimension. The
system is also under the influence of an external nonuniform
temperature field so that the dynamics of the particles is
given by

dxi

— =v,,

dt

=yt o) + S il =)+ TE(). (1)

dt j#i
for i=1,...,N, and where ¥ is the friction coefficient, T is a
nonuniform heat-bath temperature, f,,, is an external force,
fine 18 the interaction force between pair of particles, and &(z)
is a Gaussian white noise with zero average and correlation

(€0 &(s)) = 2vkpd;;0(t — 5). (2)

(-) indicates the average over a statistical ensemble of real-
izations, and kjz is the Boltzmann constant. In the case of
spherical particles of radius R the friction coefficient is given
by y=6mnR, where 7 is the viscosity of the fluid. To study
the dynamics of the system we consider the single particle
probability distribution function, P(x;,v;,t), of the position
and velocity variables. Its evolution is given by the Kramers-
Fokker-Planck equation [1]:

J X
—P(x,v,1) + {v&x + feL()&v}P(x,v,t)
ot m

1
——&vfdv’fdx’Pz(x,v,x',v',t)&xU(|x—x’|)
m

kpT() &UP(x,v,t)] , (3)
m

= m'yﬁv{vP(x,v,t) +
where U(|x—x'|) is the pair potential energy, assumed to be a
smooth function of particle separation. Note that Eq. (3) for
the one-particle distribution function, P(x,v,t), depends on
the two-particle distribution P,(x,v,x’,v’,t) and a suitable
closure approximation is required in order to obtain a more
tractable equation. This can be done in the following way.
Let us assume, as Enskog did [1,2], that the doublet distri-
bution function can be factored into a product
Py(x,v,x" v, 0)=P(x,v,t)P(x",v",0)g(x,x"), where
g(x,x"), the equilibrium pair correlation function, does not
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depend on the velocity. Hence introducing the density
p(x,t)=[dvP(x,v,t) and the molecular field

dU(jx—x"|)

dx’ “

fm(x,t)=—fdX’g(x,x’)p(X’,t)
the last term in the left-hand side (lhs) of Eq. (3) can be
rewritten as

1
—(?vfdv’jdx'Pz(x,v,x’,v't)ﬁxU(|x—x’|)
m

1
== fulx,0)—3d,P(x,0,1). 5)
m
Finally we write
J X) + f.\x,1
EP(X,U,t) + |:Uﬁx+M(9vi|P(_x,v,t)
m

=myr?v[vP(x,v,t) + kB%(x)avP(x,v,t)]. (6)

In the following we shall define f=f,+f,.-

Since the temperature T(x) in Eq. (6) multiplies a deriva-
tive with respect to v, one realizes that the Kramers equation
is free from the so-called Ito-Stratonovich dilemma. On the
contrary, when one considers the overdamped limit, y— o,
in Eq. (1) one obtains the following Langevin equation:

D 1) 0 g, v
oy Y

which leads to different equations for the distribution of the
spatial position (the so-called Smoluchowski equation) de-
pending on the prescription adopted to integrate the stochas-
tic evolution. In fact, the corresponding FPE for Ito and Stra-
tonovich conventions, the two rules usually applied, are,
respectively,

iP(x,t) =- L (fP) + IE‘?;ZC(TP)’ (8)
ot Y Y

J 1 k
—P(x,1) = = —3,(fP) + ZaT"?0(T'?P)).  (9)
ot Y Y

The aim of this work is to derive a Smoluchowski equa-
tion for the system using the multiple time-scale method, via
an expansion in the inverse of the friction coefficient. Our
starting point is the Kramers equation, Eq. (6). At this stage
it is convenient to introduce the following dimensionless
variables:

)
=12, v==, X=>, T=my—, (10)
l Ur l Ur
[ -
Foo =" Bxv.n =P, (1)

UT0=\r’kBT0/m being the thermal velocity at the reference
temperature T, (which can be taken equal to 1), and [ is a
typical length scale of the system, for example, the effective
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radius of the particles. The nondimensional Kramers equa-
tion for P(X,V,7) denoting T(X)=T(x) is

oP(X,V, -~ - _ ~
RAV.T) Tay(VP) + TT(X)RP - VayP — Fo,P.

(12)

In the following we shall skip the tildes in our notation.
The (nondimensional) Kramers equation, Eq. (12), is our de-
finitive starting point and in the next section we proceed to
present the multiple time-scale approach.

III. METHOD OF SOLUTION

Standard solutions of Eq. (12) go through an expansion in
a basis set of eigenfunctions. First, it is convenient to sepa-
rate the spatial dependence from the velocity dependence of
the probability distribution. We rewrite Eq. (12) as

TLppP(X,V,7) = 9 v p e P(X,V,7, (13)
S P S /2 E
where we introduced the Fokker-Planck operator
LppP(X,V,7) = [T(X)— + V} P(X,V,7). (14)

We will expand P in terms of the eigenfunctions H,(X,V)
of Lpp [18] which are related to the Hermite polynomials:

LppH (X, V) == vH (X, V) (15)
with
T(X)"? o ( V2 )
a5V = \ysz(X)( )&V” 27(X) )" (1o

We now express the solutions to Eq. (13) as a linear com-
bination of products of the type ¢,(X,7)H,(X,V) and after
some algebra obtain:

s { [ I$X.7)

I've,(X,7) } H,(X,V)

v=0 JT
] 0

T D

¢,(X, T)} H,, (X, V)

DH, (X, V)

T'(X)
2 VT(X)

¢, (X, D[H,5(X,V) + 2(v+ DH ., (X, V)

+vH, (X, V)]} =0, (17)

where the prime denotes derivation with respect to the argu-
ment. Equating the coefficients of the same basis functions,
H,, we obtain an infinite hierarchy of equations relating the
various moments ¢,(X, 7). Such a hierarchy can be truncated
by the multiple scale method, as shown hereafter.
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Multiple time-scale analysis

In the multiple time-scale analysis one determines the
temporal evolution of the distribution function P(X,V, ) in
the regime I'"! < 1 by means of a perturbative method.

In order to construct the solution one replaces the single
physical time scale, 7, by a series of auxiliary time scales
(79,71,...,7,) Which are related to the original variable by
the relations 7,=1""7. Also the original time-dependent
function, P(X,V,7), is replaced by an auxiliary function,
P,X,V,7y,7,...), depending on the 7,, which are treated as
independent variables. Once the equations corresponding to
the various orders have been determined, one returns to the
original time variable and to the original distribution.

We begin by replacing the time derivative with respect to
7 by a sum of partial derivatives:

J J 1 KA 1 49 (18)
c_ 2 2 ...
ar  dry F ar F2 T,
The auxiliary function, P, (X,V, 7y, 7, ..
series of powers of I'"!

.), is expanded as a

Pa(X, V, Tos T15 725 - ) E _f)(‘S (X,V,To,Tl,Tz, )

=i
(19)
Each term Pff) is then projected over the eigenfunctions
H,
POXV, 10,71, ) = 2 (X, 70,71, 7, - VHL(X, V).
=0
(20)

At this stage one substitutes the time derivative (18) and
expressions (19) and (20) into Eq. (12), and identifying terms
of the same order in I'"! in the equations one obtains a hier-
archy of relations between the amplitudes zﬁ(;). The advan-
tage of the method over the naive perturbation theory is that
secular divergences can be eliminated at each order of per-
turbation theory and thus uniform convergence is achieved.

The most important function in all this expansion is E)O).
Its physical meaning becomes clear if one integrates over V
the auxiliary density probability function
P,X,V,7y, 71,75, ...). Assuming, as in the standard expan-
sion, that (//f)"):O for v=1 one sees that E]O) is the spatial
density probability function. We shall consider the partial
derivative, ;. ¢E)0), and obtain the evolution equation for go)
to order I'". For the sake of completeness we briefly show
how the method works. To order I'’ one finds

LFP|:E wS/O)HV:| =0’ (21)

and concludes that only the amplitude % is nonzero.

We consider, next, terms of order I'"! and write (note that
on the lhs we always have the application of the Fokker-
Planck operator to the auxiliary function to the order of in-
terest, in this case s=1)
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v=3

- (wﬁ”Hl + 20 H, + 3y H + S v«/fi”HV)
— F T
=Hyd, 0+ \’T(X)Hl{ax - }%0) + ?%o)]

T/
—H 0. (22)
2\*’? 3%0

By equating the coefficients multiplying H, we find the
relation
(0)
d
- _o, (23)
(97'0

(0)

i.e., the amplitude ¢, is not a function of 7,. We also obtain

for the amplitude z//(]q) the equations
_ 0) F o TX
PV = [ = VT o + - . (24)
‘ N0 1004
The remaining amplitudes are
1 7'(X)
(1)=0 n__ -7 ,(0) (1)=0if1/?3.
) 3 6 V,TX) 0 b,
(25)

By iterating the method we obtain the correction of order I'"!
to the evolution equation of g)), which reads

) == ax(NTyiV), (26)
and using Eq. (24) we can rewrite it as

) = ol ox(Tyl) - Fyf']. (27)

Finally, we recover the original time variable, 7, and ob-
tain the most important result of this work, that is, the evo-
lution equation for the spatial probability density:

1
) = Lo T - FU 00T, (28)

With O(1/T'?) we mean terms of order 1/I'> and superior.
The first comment that arises from Eq. (28) is that it is of the
Ito type if one uses this prescription for the overdamped
Langevin equation. However, here we did not use any pre-
scription for the Langevin equation, and Eq. (28) was de-
rived from an expansion of the Kramers equation. Moreover,
the generalization of Eq. (28) to arbitrary spatial dimensions
is straightforward.

Using a more usual notation for the spatial density prob-
ability function, and following the line of reasoning of Mar-
coni and Tarazona [22], one could write the following gov-
erning equation:

5 1 5Fni
i) V{vmx)p(x,r) - ple) ¥ [ 5p(x[’f)] + vmoc)] }

(29)

where D(x)=kzT(x)/y and F,; is the excess over the ideal
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gas contribution to the free energy [23]. The second term
renormalizes the effective diffusion constant of the particles
and, may become important at higher concentrations. In the
next section we proceed to check numerically our results and
to enter in a possible discussion about the Ito-Stratonovich
dilemma.

IV. NUMERICAL RESULTS

This section is devoted to numerically check our analyti-
cal results. The way to proceed is to compare the results of
numerical simulations of a system of N particles following
the dynamics given by Egs. (1) or rather Eq. (7). We shall
compare these with the analytical solution, if available, of
the corresponding density equation: Equation (28) for the
first case, or the Smoluchowski in the Ito and Stratonovich
prescriptions, Egs. (8) and (9), for the second case.

In order to obtain a simple analytical solution of the den-
sity equation we assume a vanishing external force and mo-
lecular field, F=0, particles have mass one, the system is
one-dimensional, and particles positions restrict to the inter-
val [0, 1]. We also assume that the temperature field has a
linear spatial dependence T(X)=T,+T,X, with T, and T}
positive constants. Finally, we impose zero flux boundary
conditions of the system at the extremes of the spatial inter-
val, i.e., there are infinite walls at these extremes where the
particles rebound and cannot escape from the system.

The equation for the probability density that we have de-
rived from the Kramers equation with the multiscale ap-
proach in an expansion in I', Eq. (28), is now [for aesthetic
reasons we denote in the following f)o)(X ,7)=p(X,7)]

1
3:p(X,7) = LA(T(X)p) = = 3 (X), (30)
T T T T T T T
— I'=10
— I'=50
=80
— =100
10000 P — Analytical solution

1000

o
=)
)
o
'S
=
2
o
>

FIG. 1. (Color online) Plot of the stationary density of particles
for different values of I'. The particle dynamics correspond to the
Langevin equation, Eq. (1), and the density of particles has been
computed by making a coarse-graining in the particle positions.
With the solid black line we plot the analytical solution Eq. (31)
that fits well for large I" values. The other parameters used in the
simulation are dr=0.0001 and the cell size for the coarse-graining
dx=1/1000.
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X — I=10
— I'=50

=100
— Analytical solution |

10000 10000

1000 1000

FIG. 2. (Color online) Coarse-grained density
field obtained from the overdamped Langevin dy-
namics, Eq. (7). The left panel corresponds to the
Ito interpretation of this equation, and the right to
the Stratonovich one. We take different values of
the parameter I' as indicated in the legend box.
With the solid line we plot the stationary density
solutions as given by Egs. (31) and (32), for Ito
and Stratonovich, respectively. The rest of the pa-
rameters used in the simulation are dr=0.0001
and the cell size to make the coarse-graining of
the position of the particles is dx=1/1000.

where J is the flux. The boundary conditions read J(0)
=J(L)=0. The stationary solution is given by

NT,
(Ty+ Ty X)In[(Ty+ T,L)/T,]’

p'(X) = 31)

where we have used the normalization condition [ (I)‘prs(X)
=N. Note that for higher spatial dimensions the stationary
solution cannot always be found, since the flux J is no longer
constant (zero with the boundary conditions), but can contain
a divergence-free vector field [15].

On the other side, in the overdamped limit one has to
distinguish between the two prescriptions. In this paper we
discuss the two more standard: Ito and Stratonovich. The
Ito-Smoluchowski equation is also given by Eq. (30) and the
stationary solution is obviously given by Eq. (31). A very
important difference here is that it has not been derived as an
expansion of inverse powers of I', and thus it is exact and no
higher order corrections should appear. In the Stratonovich
prescription the density equation, which is also exact and not
an approximation to order I'"!, is given by

1
d.p(X,7) = faX(T”ZaxT”zp). (32)

With the same boundary conditions the stationary Stratonov-
ich solution is given by

NT,
/_ .
(Ty+ T,X)"[2(NTy + T\L = \T)]

(33)

5 _
Pstrar =

Now we show the numerical results for the Langevin par-
ticle dynamics. We begin with the underdamped dynamics
and consider 2000 particles evolving according to Eq. (1).
We take T7=0.1 and 7;=10 and all our measurements are
performed when the system is stationary. Average values are
obtained by sampling 200 different realizations. A stationary
density of particles is defined at every spatial point by count-
ing the number of particles in every cell of size dx
=1/1000. The time step used is dt=0.0001. For different

values of I the results are shown in Fig. 1. One can see that
for large values of I' the comparison with the analytical re-
sult, Eq. (31), is excellent. Obviously, the smaller the value
of I" the larger the corrections that we are neglecting and the
agreement worsens.

In Fig. 2 we show the results obtained from the simula-
tions of the overdamped dynamics, Eq. (7), where we have
also coarse-grained the distribution of particles to compute a
density of particles. Interpreting it like Ito the results are in
perfect agreement with the Ito-Smoluchowski stationary so-
lution, Eq. (31). This is shown in the left panel of the figure

for different values of I". When it is understood in the Stra-
. . T'(X)
tonovich calculus, for which we have to add a new term oy

in the right-hand side of Eq. (7) to make the numerical simu-
lation, again the results coincide with the stationary density
solution in the Stratonovich calculus, Eq. (33), as shown in
the right panel of Fig. 2 for various values I'. A very impor-
tant difference encountered in these results with respect to
those in Fig. 1 is their independence with respect to the value
of I': for any of its values the agreement with the stationary
density is always excellent. In fact, one can realize that once
the limit has been performed, the value of I' only renormal-
izes the time scale of the problem.

V. CONCLUSIONS

In the present paper, we have derived the form of the
governing equation for the probability density of Brownian
particles in the case of an inhomogeneous medium, whose
temperature varies in space. The interparticle interactions
have been treated in a mean-field framework. We have
shown, using the Klein-Kramers equation associated to the
fully inertial stochastic dynamics, that, to leading order, one
obtains a Smoluchowski equation for the particle distribution
which has the same form as the equation obtained by apply-
ing the Ito prescription to the overdamped dynamics.
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